We present the first medium-resolution (R ∼ 600) mid-infrared (8-13.3µm) spectra of 11 Be stars. A large number of lines are observed and identified in these spectra, including, as an example, 39 hydrogen recombination lines in the spectrum of γ Cas. In the majority of our spectra, all of the observed lines are attributable to hydrogen recombination. Two of the sources, β Lyr and MWC 349 also show emission from other species. Both of these objects show evidence of [Ne II] emission, and β Lyr also shows evidence of He I emission. We tabulate the effective line strength and line widths for the observed lines, and briefly discuss the physical implications of the observed line series. We also use a simple model of free-free emission to characterize the disks around these sources.
Introduction
Be stars are defined as B stars which display optical emission in one or more Balmer lines of hydrogen, or which have displayed such emission at some point in the past. There are also several subdivisions of Be stars, including the "classical" Be stars and Herbig Be stars. Herbig Ae/Be stars are considered the intermediate mass (5-20 M ⊙ ) counterparts to T Tauri stars; they are pre-main sequence stars surrounded by an optically thick, dusty disk remaining from proto-stellar collapse. From this disk arises forbidden line emission and Hα emission. Classical Be stars, on the other hand, are intermediate mass main-sequence objects, believed to have an extended optically thin gaseous envelope. While these two types of objects share similar nomenclature, they have little in common outside of their masses.
The sources presented in this paper are all classical Be stars, and henceforth the term Be star refers to classical Be stars. Classical Be stars are also divided into two categories, "non-shell", or "normal" stars, and "shell" stars. Shell stars display broad emission wings in one or more of the hydrogen lines and narrow absorption bands for ionized metals (Slettebak 1988) , features not observed in non-shell Be stars. Several suggestions about the relation between shell stars and normal Be stars have been made: this relation is complicated by the fact that several stars, including γ Cas and Pleione (HR 1180), have been observed to change from "normal" spectra to "shell" spectra (Doazan & Thomas 1982) . Hanuschik (1996) explains shell stars as Be stars which are observed equator-on, with the transition between normal and shell spectra explained by density variations in a concave equatorial disk viewed at a small inclination angle (∼15 • ). Alternatively, it has been suggested that the shell phase is a common evolutionary phase of Be stars (Slettebak, et al. 1992) , involving the formation of a gas shell outside the stellar envelope. The formation of the gas shell can explain the transition from normal to shell spectra, while the dissipation of the gas shell causes the transition from shell to normal spectra.
Optical spectroscopy has raised a number of questions about Be stars. Individual spectral lines are found to be double peaked, with a ratio of the violet peak flux to the red peak flux (the V/R ratio) which differs from unity. Further, this ratio and the line strengths of the hydrogen Balmer lines have been found to be time-variable in many Be stars (Telting et al 1993) .
Near-infrared (NIR) spectroscopy has added to this puzzle. Variability of line strengths and V/R ratios of the double-peaked lines mirror observations in the optical (Hamann & Simon 1989) . In addition, a number of the hydrogen recombination lines which appear in the NIR have anomalously high line strengths, and the NIR continuum has been observed to vary with time (Dougherty & Taylor 1994 ).
Ultraviolet observations complicate the problem further. The strong lines observed in the UV should arise from a fast, low-density wind (Smith 1995) . This is at odds with the optical and NIR observations, which require a relatively dense gas to produce the observed features. A possible explanation for this discrepancy is discussed below. X-ray observations have shown several Be stars to be X-ray binaries. γ Cas, the brightest of the northern hemisphere Be stars has a compact companion, most likely a white dwarf (Haberl 1995) . Other Be stars are also in binary systems; a large number of Be stars, including many of the sources presented in this sample, are spectroscopic binaries, including β Lyr, ζ Tau, and φ Per (Jared et al. 1989) .
Of all of the wavelength regions, the mid-infrared has been the least explored. Photometry by Gehrz et al (1974) from 2.3 to 19.5µm showed that the spectral energy distribution of the IR excess was consistent with free-free emission from a warm disk-shaped envelope. It has also been suggested (when discussing NIR observations) that studies of infrared line emission can be very useful in probing the stellar envelope of Be stars, as the emission is highly dependent upon the temperature and density structure of the envelope (Marlborough et al. 1997) . This is one of the motivations for the study introduced here.
Explaining the multitude of observations by modelling is a daunting task. The most common model used to explain the observations is the axisymmetric equatorial disk model of Poeckert & Marlborough (1978) . A slow, high-density wind at the equator creates a thick envelope which produces the observed optical and NIR emission, while the UV emission arises from a fast, tenuous wind originating at the poles of the star (Lamers & Waters 1987) . The presence of an equatorial disk has been supported by interferometric and polarimetric observations (Quirrenbach et al. 1997 , Stee et al. 1995 , but these models are incomplete, as they still cannot explain some Be star phenomenae, such as the observed V/R variability.
A more complete discussion of Be stars can be found in several excellent review articles, including Slettebak (1988) and Dachs (1986) .
In this paper, we present the first high-sensitivity, medium resolution (R ∼ 600) mid-infrared (8-13.3µm) spectra of be stars. In §2, we discuss the observations and data reduction techniques. In §3, we present the observed spectra, and briefly mention characteristics of particular sources. In §4, we discuss using free-free emission from the stellar envelope to model the MIR continuum. Finally, in §5, we briefly discuss some of the implications of these observations.
Observations and Data Reduction
The observations presented here were taken using SCORE at the Cassegrain focus of the Hale 5-m telescope. 2 SCORE is a novel medium resolution mid-infrared spectrograph built originally as a proof of concept of the Infrared Spectrograph (IRS) short-hi module for SIRTF. It uses cross-dispersion to obtain a 7.5-15µm spectrum in a single exposure. The obtained spectrum has a resolution of ∼600, with a 1 ′′ × 2 ′′ slit. This short slit length is ideal for sources which are unresolved in the MIR at Palomar. SCORE also makes use of a second MIR array for slit-viewing, which both simplifies source acquisition during observing and provides information for photometric calibration (see discussion below). A listing of all of the observations is presented in Table 1 . All of these observations were made using standard beam-switched chopping and nodding techniques. Typical integration times ranged from 240 to 1090 seconds, and the entire N-band was observed at a single setting for each object. The 1σ sensitivity at 11.0µm in 100 seconds of integration for our instrument is roughly 90mJy. The MIR seeing for these observations was typically 1 ′′ .
The individual integrations of each object were stacked, and the N-band spectra were extracted using SCOREX, extraction software designed to optimally extract the spectrum from the crossdispersed format of SCORE . These spectra were then calibrated using observed spectra of standard stars (Cohen, et al. 1992 ) to properly remove spectral features from the sky background. The observed spectra from these standard stars were taken at nearly the same airmass 2 Observations at the Palomar Observatory were made as part of a continuing collaborative agreement between the California Institute of Technology, the Jet Propulsion Laboratory, and Cornell University.
as our observed objects, as even relatively small differences in airmass result in different strengths of atmospheric features, leading to inaccurate subtraction of background features from our calibrated spectra.
Absolute photometry for the spectra was found by using the slit-viewer images of SCORE. Since a small chop amplitude (∼5 ′′ ) was used for these observations, the chopped images appear in the field-of-view of the slit-viewer. We calculate the slit-throughput by comparing the flux incident on the slit-viewer focal plane with the total flux found in the observed spectrum; mathematically,
where A is the renormalization factor, F ν (λ) is the flux as a function of wavelength on the spectrograph, g(λ) is the slit viewer filter passband function, and F ν (Slitviewer) is the total flux incident on the slit-view focal plane array. The renormalization factor A should account for the slit throughput. To provide the absolute calibration, we use the same procedure for our calibrator star, deriving another normalization factor, A calib . By multiplying the observed, calibrated spectrum of our source by
we are able to normalize the observed spectrum to have the correct amount of flux, without introducing errors from instrumental effects. The absolute normalization of the spectra is uncertain to roughly 5%, due primarily to the uncertainty in the slit throughput efficiency.
Observed Spectra of Be stars
In Figure 1 , we present the reduced spectra of our objects. These spectra clearly show the presence of a large number of spectral lines. Further, in most of the spectra, there are a number of lines which are weak relative to the strong MIR continuum. Since these weak lines appear in several different spectra, but not in calibration star spectra, we conclude that they are not artifacts. Further, the clear presence of multiple lines in each series implies the presence of other lines within the series. For instance, the H 29→10 is weak in the spectrum of γ Cas, but the presence of other transitions, (including the H 29→9 transition in this case) support the identification of this weak line, since they arise from a common excited state. Similar support can be found for nearly all of the weak observed lines. Finally, because all of the lines occur at wavelengths attributable to hydrogen recombination (for most of our objects, see below), there is strong evidence to support the pure-hydrogen recombination spectra.
There is also another test for the presence of these weak lines. Nine of the 11 spectra display similar strong hydrogen line emission (all but β Lyr and MWC 349), but a number of these spectra have low signal to noise. These nine sources will hereafter be referred to as the hydrogen spectra Be stars (or HS stars). If we suppose that all of the lines observed in the high signal to noise spectra (such as γ Cas and ζ Tau) are present in the spectra of all HS sources, we can coadd the spectra from all nine of these objects. If these lines are, in fact, present in a majority of the sources, we expect the weak lines to be accentuated. If, on the other hand, these weak lines are present in only a few spectra, we expect them to be diluted (relative to their appearance in the individual spectra). This coadded spectrum is shown in Figure 2 , with the line identifications marked at the top of the plot. Examination of this spectrum shows a large number of lines, including a number which are only observed as very faint peaks in the spectra of our bright sources. This supports the idea that all of the observed hydrogen transitions are present in the majority of the HS sources.
In Table 2 , we list all of the observed lines, their line widths and effective line strengths, and the hydrogen recombination transition responsible for their production, in order of decreasing wavelength. This table includes the data for all of the HS sources (which excludes β Lyr and MWC 349). The data from the two peculiar objects (β Lyr and MWC 349) is presented in Table 3 , because of the clear differences between their spectra and the spectra of the majority of our sources. Note that in Table 2 , every observed line is attributable to hydrogen recombination. We examined the spectra for the presence of line species other than hydrogen, in particular for the presence of He I or He II, since these species can produce emission lines coincident with hydrogen lines. He I is easily identified by the presence of the 10.88 µm He I 3S-3P o transition, while He II can be identified by the presence of many additional hydrogen-like transitions. In the nine HS spectra, there is no evidence for the He I 10.88µm transition or for the numerous He II transitions which would be present if the species accounted for any of the observed emssion.
In β Lyr, however, we observed the He I 3S-3P o transition at 10.88 µm. Since Helium recombinations occur at the same wavelength as hydrogen recombinations (for instance, both H 9→7 and He I 9→7 occur at 11.3µm) the presence of this line implies that the observed lines are not necessarily purely due to hydrogen, as is true for most of our other sources. The possible overlap of hydrogen and helium recombination line makes exact identification of these lines problematic. We also find evidence for the [Ne II] 12.8µm transition, a line also observed in the spectrum of MWC 349. MWC 349 showed no evidence for He I or He II emission, and only showed a few weak hydrogen transitions (with the exception of the H 7→6 transition which was quite strong). We will return to a discussion of the observed spectral features of these objects later in this section.
Hydrogen Spectra Be Stars
While the nine HS sources presented here have similar MIR spectra, they are significantly different types of objects in several ways. Seven of the sources are classified as shell stars. Five of our sources are spectroscopic binaries, and three of the sources are X-ray binaries. Further, while most Be stars do not display radio emission, four of the sources presented here are relatively bright radio sources. The characteristics of the individual objects are tabulated in Table 4 . For completeness, some of the characteristics of the two peculiar sources are also listed on this table.
The large differences in the properties of the individual objects leads us to look for correlations. Are any of these individual properties related to the MIR observations presented here? We looked at correlation plots for each of the different categories listed in Table 4 . An example of one of these correlation plots is shown in Figure 3 . We have plotted the ratio of the H 9→7 to H 7→6 transition versus the ratio of the H 10→7 to H 7→6 transitions in this figure, with the XRB plotted as + symbols, spectroscopic binaries as open triangles, and single stars as open diamonds. We have examined a number of similar correlation plots, looking for evidence that our MIR spectra are effected by each of these properties, but have found no such evidence. However, given the small statistics (only nine sources), this lack of detection is not surprising, and only by building a more significant set of data will such correlation tests be valuable for understanding the effects of these peculiarities on our MIR spectra.
The presence of so many high-level hydrogen transitions provides valuable insight into the origin of line emission. The line strengths are inconsistent with optically thin line emission (Hummer & Storey 1987) , and therefore must originate at optical depths of ∼1. The optically thick emission will simply be the product of the Planck function, the line width, and the surface area of the emission region. Since the Planck function of a gas with temperatures consistent with the production of such high H recombination series decreases with wavelength and our observations show no clear trend in line width with wavelength, the surface area must be increasing with wavelength. ISO observations have shown that the line width actually decreases with wavelength (Hony et al. 1999) , strengthening this statement. This implies a density gradient, in order to balance line ratios; if the density is uniform, then the low-level transitions will become optically thick much more quickly than their high-level counterparts, giving them an effective emission surface significantly larger than the high-level lines, and overcompensating for the decreasing strength with wavelength. This was previously noted from NIR observations of γ Cas (Hamann & Simon 1987) . These authors concluded that gradients as small as r −2 were sufficient to explain their observed line ratios.
Peculiar Be Stars
β Lyr and MWC 349 display spectra which are significantly different from our HS sources, and from each other. Each of these sources is unique, and it is therefore not surprising that their MIR spectra should be peculiar as well. We briefly discuss the peculiar aspects of the MIR spectra of these objects here, and present some possible explanations for these peculiarities.
β Lyr is a known spectroscopic and eclipsing binary. The two members of this binary are B stars, with masses of M 1 ≈ 13M ⊙ and M 2 ≈ 3M ⊙ (Harmanec & Scholz 1993) . The two stars are in close orbit, with the mass-loss from the less-massive star filling its Roche lobe, overflowing to form an accretion disk around the more massive star (De Greve & Linnell 1994 ). This situation is quite different from the disk-like stellar envelopes around our HS Be stars, which occupy a comparatively small volume.
The accretion process can also possibly explain observed He I emission by invoking convective dredging in the donor star, thus bringing helium into the Roche lobe and the accretion disk. The presence of the He recombination lines in this spectrum, when compared to the HS sources is most easly explained by either a higher He abundance in the circumstellar disk or a higher level of excitation. If we compare β Lyr to γ Cas, however, we see that γ Cas is significantly hotter than β Lyr (T βLyr < 20000K). Since no He emission is observed in γ Cas, whose disk gas is at higher excitation, we conclude that the observed He emission in β Lyr is due to a greater He abundance.
The biggest question raised from examination of the MIR spectrum of β Lyr is the cause of [Ne II] emission. While a great number of emission lines have been observed in the optical and NIR spectra of β Lyr, there has been no evidence for forbidden emission in any of these spectra (Johnson 1978) , or for mid-infrared emission from forbidden lines in our spectra ([Ar III] at 9.0µm, [S IV] at 10.5µm). Why should [Ne II] emission, an no other forbidden emission, be observed? The two properties which should be examined in particular are the ratio of the observed to critical density (n e /n crit ) for [Ne II] emission and the energy required to form Ne II. Upon examination, we find that both of these characteristics of Ne are favorable for the observed forbidden emission.
[Ne II] has a very high critical density (10 5 cm −3 ), higher than any other astronomically strong MIR forbidden transition. Further, it has a relatively low ionization potential (21.5 eV), making it possible to ionize a large enough fraction of the Neon gas by the hot B stars to create the observed emission.
Using the observed strength of the [Ne II] line, the distance to β Lyr (270 pc) from the Hipparchos catalog (1997), and making a few assumptions about the emitting gas (e.g. n e = n crit , T e = 10 4 K, solar abundances), we can calculate an approximate mass of emitting gas. This calculation gives a mass of the emitting gas of M tot ≈ 10 −5 M ⊙ . This compares favorably with calculations of the mass-transfer rate from the "donor" star to the "accretor" star, if we assume that some small fraction of mass-transfer escapes into an extended gas shell. Such calculations, assuming complete mass conservation between the two stars, give values ofṀ ≈ 2 × 10 −5 M ⊙ yr −a (Hubeny et al. 1994 ). If we assume that the gas is fully ionized, we can estimate an emission volume for the [Ne II] line. We assume, for this approximation, that the emission volume is spherical, and find that the emitting region should be of order 100 AU across. For comparison, the separation of the two components of the binary is only of order 20 AU. From these estimates, we suggest that the forbidden line emission does not arise in the Roche lobe or accretion disk, but must come from a much more extended gas shell around the binary. This could also explain the difference in the observed hydrogen spectra of this source, relative to our HS sources. The extended, low density outer gas shell will produce optically thin line emission from hydrogen, while the disk produces optically thick line emission. The contribution from the optically thin emission will alter the hydrogen line ratios, explaining why the line ratios for hydrogen emission from β Lyr are not ∼1 (as for our HS sources).
MWC 349 has the largest MIR to optical flux ratio of all of our sources, with this ratio more than 100 times larger than our other sources. This could be due to several different phenomena, including a much cooler source or much more circumstellar mass (including, perhaps, a large amount of dust, leading to severe reddening). Independent of the cause, the red color of MWC 349, compared to our HS sources, implies that the nature of this object or its environment may be quite different from classical Be stars. Observations of MWC 349 in the submillimeter detected Hα transitions which were greatly amplified; MWC 349 was the first source observed with hydrogen laser emission (Martin-Pintado et al. 1989) . Further, recent ISO observations have detected more than 160 emission lines between 2.4 and 190µm, including every hydrogen α transition (H5 → 4 to H16→ 15) in this range (Thum et al. 1998) , showing the presence of infrared lasers from the large amplification of the Hα lines. Further, lasing/masing has been observed from a number of the hydrogen β lines. It is thought that the conditions which allow the observed masing/lasing from MWC 349 include the high temperature of (and corresponding large ultraviolet flux from) the central star, a dense, massive, neutral disk (much more massive than the disks in most Be stars), and the coincidental edge-on view we have of the disk (Strelnitski et al. 1996) . A significant amount of forbidden line emission in the optical has been observed in MWC 349 (Brugel & Wallerstein 1979 , Andrillat & Swings 1976 , Allen & Swings 1976 ). We have also detected forbidden emission, in the form of the [Ne II] 12.81µm line. It is unlikely that this forbidden emission arises from the same region as the hydrogen emission, however. Recent work by Them & Greve (1997) used the observed Paschen decrement to estimate the electron density in the disk at n e = 10 8 , over one hundred times greater than the critical density for [Ne II] forbidden emission. The forbidden emission more likely arises in an extended gas component around the star. Such an extended component has been observed via radio measurements and has been associated with a slow (50 km s −1 ) gaseous outflow. Cohen et al. (1985) , using observations from the VLA, found that the radio observations were well-matched by a spherical 1/r 2 wind model, with mass-loss rates of order 10 −5 M ⊙ yr −1 and a temperature of roughly 9000 K.
Using the same technique as described for β Lyr, we estimate the mass of the emitting gas from the forbidden emission. We use the same assumptions as in the case of β Lyr, and estimate a distance to the source of 400 pc (Thompson et al. 1977) . From these, we find a mass of the emitting gas of M tot ≈ 10 −2 M ⊙ . The mass of the disk should be substantially larger than this, up to several solar masses (Thompson et al., Thum & Greve 1997) . However, the forbidden emission we observe will only come from the regions around the star where the density is relatively low, and therefore will only arise from a small fraction of the disk, since the majority of the disk has a high (∼ 10 8 cm −3 ) density (Thum et al. 1998 ).
Continuum Emission
The majority of photospheric radiation from hot stars is at short wavelengths, in the optical or ultraviolet (an 16000 K star has a peak flux at ∼ 1800Å, well into the UV). In the MIR, photospheric emission is well inside the Raleigh-Jeans tail of the blackbody distribution, producing relatively weak emission in this wavelength range. Classical Be stars have been long known to produce large IR excesses, and a common explanation for this is emission via free-free processes.
Free-free radiation from ionized gas is a powerful source of emission at long wavelengths. Typically, such emission has been used to explain radio emission from cool astronomical sources (Panagia & Felli 1975) , but it can also explain the infrared excesses observed from many sources. Be stars have well-known IR excess, and free-free emission from the extended stellar envelope provides a convenient explanation for this excess. Gehrz et al. (1974) used models of optically thin and optically thick free-free emission to match infrared photometry of Be stars from 2.3µm to 19.5µm. Waters et al (1984) successfully modeled IRAS Be star observations with an optically thick free-free emission. We have used models of freefree emission to fit our MIR continuum observations, finding values for the shell radius (R sh ), the electron density (n e ), and the shell temperature (T sh ).
Calculations of Free-Free Emission
Three emission processes are included in our model of the MIR continuum: emission from the photosphere of the star, optically thin free-free emission, and optically thick free-free emission.
Because neither of the free-free processes are very effective at short wavelengths, we can constrain the stellar parameters without having to consider the effects of the shell. In the infrared, the photospheric spectrum is essentially a blackbody produced at the photospheric temperature, so the Planck function describes this emission. Initial values for the temperature (T ⋆ ) and radii (R ⋆ ) of our sources were approximated from their respective spectral types , and we then adjusted the values of both T ⋆ and R ⋆ to agree with J-band (1.25µm) and K-band (2.20µm) photometry (Gezari et al. 1993) . Distances to the stars were obtained from the Hipparchos Catalog (1997). All of these parameters, including the J-band and K-band fluxes, are listed in Table 5 .
To fit the observed MIR continuum, we require several assumptions. First, we assume that the MIR emission arises from an extended stellar envelope around the star. Further, it is assumed that this envelope is flattened into an oblate spheroidal disk, with a semi-minor axis ≈ 1/10R sh where R sh is the semi-major axis of the spheroid. Further, we assume that the stellar envelope has both uniform density and uniform temperature. These assumptions are clearly not correct, but greatly simplify calculations without introducing significant amounts of error. Finally, we assume that we are looking into the disk-like envelope edge-on. This last assumption is supported by two facts: the large values of v sin i for these sources, and the central line absorption of shell spectra (seven of our nine HS sources are shell stars, see Table 4 ).
The MIR emission from the stellar photosphere is calculated using the Planck function (making use of R ⋆ , T ⋆ , and D), as described above, but is corrected by applying an extinction factor in the form of e −τ (ρ=R sh ) . This will account for free-free absorption of photospheric radiation as a function of wavelength. Thus, we write 
Next, we include the effect of optically thick free-free emission. The optically thick emission will be characterized by the Planck function at the shell temperature (T sh ). This emission will arise from an area of the disk which is defined by the surface a depth ρ into the disk, where the optical depth is This cuts off the optically thick emission at short wavelengths, as the absorption coefficient becomes very small and the entire disk becomes optically thin. Mathematically, 
where x(τ ) is the ratio of the area of the optically thick emission to the maximum area of optically thick emission.
Finally, we include the effect of the optically thin region of the emission disk. This can be accounted for to first order by integrating the emission function for free-free emission (ǫ f f ν ) over the volume of the stellar envelope. We improve upon this first-order calculation by also including the extinction (e −τ (ρ) ) factor in the integral over volume. In this way, we account for the reduction in optically thin emission with increasing wavelength. This gives us, replacing Equation 3, 
To fit our observations, we sum the emission from these three sources, varying the temperature (T sh ), radius (R sh ), and electron density (n E ) of the shell. This sum is then compared to our observed spectrum. We calculate a reduced χ 2 value based upon nine points in our observed spectra; these nine points located in regions at least 0.05µm from any of the observed emission lines, in order to not contaminate the χ 2 with line emission. The flux at each point is determined by averaging the flux over λ − 0.05 to λ + 0.05µm, in order to reduce the effects of local noise spikes. The results of these fits are shown in Table 6 . In Figure 4 , we show the observed spectrum of γ Cas with the overlaid fit. The observed spectrum is shown as a dotted line, the fit curve is shown as a solid line, the dashed line and dot-dash line are the optically thin and optically thick components of the emission respectively, the diamonds are the nine points used to calculate the reduced χ 2 , and the open triangle is the 12µm flux measured by IRAS.
Comparisons with Previous Work
Two works in particular, Gehrz et al. 1974 and Waters et al. 1987 , have calculated parameters of Be stellar envelopes. Gehrz et al. calculated R sh and n e from their observations, based upon an estimate of T sh (this estimate was constrained solely by the requirement that T sh be between 10000K and T ⋆ ) by using the estimated T sh and by calculating the wavelength where the extrapolations of optically thin and optically thick free-free emission intersect (at which point the optical depth τ (λ c ) ≡ 1). This provides a relation between the radius of the disk and the electron density. Further, by assuming a Rayleigh-Jeans distribution for both the optically thick shell flux and the stellar flux (at λ c ), they obtain an expression for the radius of the shell, which then determines the electron density of the disk. For these calculations, they have assumed the disk to be flattened with an aspect ratio A = r s /d disk = 5 (where d disk is the full thickness of the disk), the same value used for our modelling. As in our model, theirs includes the simplifying assumption that the electron density was uniform in the disk.
Waters et al. assume T sh = 0.8T ⋆ and calculate R sh and the density profile (ρ(r)) for the stellar disks using the "curve of growth" method (Lamers & Waters 1984) . For this method, they assume a disk with an opening angle θ, a disk density which is proporational to r −n , a density at the inner edge of the shell of ρ o , and a disk radius r sh (the sharp outer cutoff to the disk). For their modelling, they have assumed a pole-on view of the disk, such that the opening angle θ is deprecated in their calculations; this is contrary to the both our assumption and the assumption of Gehrz et al. that the disk is viewed edge-on. They then use a combination of optically thin and optically thick free-free radiation as a comparision to the observed monochromatic infrared excess (as found from IRAS spectra and using assumed stellar parameters). By comparing the shapes of the observed excess and their models, they obtain a value fo the density parameter n, and from the shift required to match the observed and model curves they obtain ρ o . These models are dependent upon the assumed shell radius, such that the authors run a series of models to find the best-fit combination of n and r sh , yielding the values used for comparision in this paper (notably, their values for r sh are all lower limits). We do not compare our values for n e with the ρ(r) calculated by Waters et al. because of the large uncertainty in the mass densities they derived, the uncertainty in the proper ionization fraction of the envelope gas, and the dependence upon the exact shell radius.
We present the results of the modelling discussed in this paper, as well as the results of both Gehrz et al. and Waters et al. in Table 7 for ease of comparision. We find that our results are generally consistent (within factors of a few) with those of both authors. However, in a number of the cases, Waters et al. derive shell radii which are significantly larger than the radii derived here. This can be explained by the assumptions which have gone into our modelling, and the wavelength regimes of the observations. We have assumed an isothermal disk, whereas Waters et al. did not. Since their observations utilize IRAS data, they will be sensitive to the cool parts of the shell which should exist in the case of a thermal gradient. These discrepancies are particularly apparent in the cases of φ Per and γ Cas, bright sources with accurate 12µm, 25µm, and 60µm IRAS detections.
Comparing our results to those of Gehrz et al., we find that in the case of ζ Tau we predict an electron density which is a factor of two below that of Gehrz et al. , and a moderately larger disk. In the cases of γ Cas and φ Per, we derive larger, hotter disks than Gehrz et al., but have similar electron densities. The simplicity of the models used by Gehrz et al. are most likely responsible for this discrepancy. They extrapolated curves for both the optically-thin and optically-thick segments of the free-free emission, then used the intercept point of these two curves to derive numerical values for radius and temperature of the shell. The improved modelling techniques used here should be better able to limit these same parameters.
In Table 7 , we also show calculated total mass of hydrogen in the emitting disk. These numbers assume complete ionization of the hydrogen gas, such that n e = n H , and uniform density, an assumption already used in the modelling. We find that the masses of the disks are relatively small, ranging from 2.5×10 −11 M ⊙ (o Aqr) to 8.1×10 −9 M ⊙ (γ Cas).
Discussion
These spectra present MIR features of Be stars and give some indications of the range of emission characteristics of them as well. Continuum emission is explained by a combination of optically-thick and optically-thin free-free emission. Both the continuum and line emission is likely to arise in a warm stellar envelope. The peculiar objects (β Lyr and MWC 349) display complicated line emission which is difficult to explain with simple models. In the case of β Lyr, a relatively simple explanation for the presence of hydrogen and helium is possible, and the observed [Ne II] emission is easily explained as emission from a large gas cloud surrounding the binary system. In the case of MWC 349, the observed features are consistent with previous observations, and the observed forbidden emission implies a large volume of low-density ionized gas.
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